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OPTICAL CALCULI 

Hans P e t e r  J ensen  

Chemistry Cepartment  A ,  Bu i ld .  2 0 7  

Techn ica l  U n i v e r s i t y  of  Denmark 

DK-2800 Lyngby , Denmark 

O p t i c a l  c a l c u l i  f o r  a n i s o t r o p i c  media are  reviewed 

and ex tended  for u s e  i n  phasemodula t ion  s p e c t r o s c o -  

PY . 
If one needs a c a l c u l u s  f o r  t r e a t m e n t  o f  t h e  i n -  

t e r a c t i o n  between l i g h t  and o p t i c a l  sys tems d i f f e r e n t  

approaches  may be used depending on t h e  r e p r e s e n t a -  

t i o n  used for t h e  l i g h t  wave, i . e .  e i t h e r  as  S tokes  

or Maxwell v e c t o r ” 2 .  The two c a l c u l i  a r e  known as  

t h e  Muel le r  and Jones  a l g e b r a  r e s p e c t i v e l y ,  honour- 

i n g  t h e  two men who some 30  y e a r s  ago developed t h e  

formal i sms .  

Depending on t h e  aim of a n  i n v e s t i g a t i o n  one may 

choose  e i t h e r  of t h e  two c a l c u l i  s i n c e  d i f f e r e n t  ad- 

van tages  are f e a t u r e d  by t h e m .  The c h o i s e  of t h e  

s p e c t r o s c o p i s t  has  o f t e n  been t h e  Mue l l e r  c a l c u l u s ,  
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472 JENSEN 

as it  c a n  h a n d l e  problems i n v o l v i n g  d e p o l a r i z a t i o n s  

and f u r t h e r m o r e  works on  a l i g h t  r e p r e s e n t a t i o n  which ,  

a l t h o u g h  f o u r d i m e n s i o n a l ,  c o n t a i n s  a n  e l emen t  p r o p o r -  

t i o n d l  t o  t h e  l i g h t  i n t e n s i t y  m e a s u r a b l e  w i t h  a pho- 

t o m u l t i p l i e r .  C o n t r a r y  t h e  c h o i s e  o f  t h e o r i s t s  is  nor-  

m a l l y  t h e  J o n e s  c a l c u l u s ,  as  it works on  a two-dimen- 

s i o n a l  b a s i s  and depends  on  t h e  v a l i d i t y  of t h e  elec- 

t r o m a g n e t i c  t h e o r y .  

For o b v i o u s  r e a s o n s  it i s  w o r t h w h i l e  t o  i n v e s t i -  

g a t e  t h e  r e l a t i o n s  between t h e  M u e l l e r  c a l c u l u s ,  b a s e d  

on a phenomenologica l  a p p r o a c h ,  and t h e  J o n e s  c a l c u -  

l u s .  T h i s  k i n d  of work h a s  been  c a r r i e d  o u t  e a r l i e r  

by P a r k e 3 ,  t h e  r e s u l t ,  however ,  i s  p a r t l y  i n c o r r e c t  

and i s  f u r t h e r m o r e  w r i t t e n  w i t h  t h e  S t o k e s '  p a r a m e t e r s  

a r r a n g e d  d i f f e r e n t l y  compared w i t h  t h e  work of Schmie- 

d e r  i n  which a l so  t h e  r e l a t i o n  be tween a J o n e s  and  

a M u e l l e r  m a t r i x  i s  f o u n d ,  so  t h a t  g i v e n  a n  a r b i t r a r y  

J o n e s  matrix t h e  M u e l l e r  d i t t o  m a y  be e v a l u a t e d ,  b u t  

n o t  v i c e  v e r s a .  

4 

I t  i s  t h e  m e r i t  o f  J o n e s  t o  h a v e  shown how t o  pa- 

r a m e t r i z i s e  w i t h  r e s p e c t  t o  t h e  phenomenologica l  quan- 

t i t i e s  l i n e a r  d i c h r o i s m  (LD), l i n e a r  b i r e f r i n g e n c e  

(LB), c i r c u l a r  d i c h r o i s m  (CD), and c i r c u l a r  b i r e f r i n -  

g e n c e  ( C B I 5  a m a t r i x  r e p r e s e n t i n g  a n  o p t i c a l  d e v i c e  

showing b o t h  a n i s o t r o p y  and  o p t i c a l  a c t i v i t y .  The 
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OPTICAL CALCULI 4 7 3  

formal i sm h o l d s  f o r  l i g h t  p a s s i n g  normal ly  th rough  a 

homogenous media w i t h  p l a n e  and p a r a l l e l  s u r f a c e s  

p e r p e n d i c u l a r  on  a p r i n c i p a l  a x i s  i n  t h e  index  e l l i p -  

s o i d  o f  t h e  medium. The r e s u l t ,  however,  i s  v e r y  com- 

p l ex  and t h e r e f o r e  it i s  d e s i r a b l e  t o  f i n d  a way of 

f a c t o r i z i n g  t h e  m a t r i x ;  t h i s  may, as i n d i c a t e d  by G o 6  

and T r o x e l l  and Sche raga7 ,  be ach ieved  by t r ans fo rm-  

i n g  t h e  m a t r i x  from Jones  i n t o  Muel le r  form. I t  i s  t h e  

a i m  of t h i s  paper  t o  i n v e s t i g a t e  t h i s  t r a n s f o r m a t i o n  

p r o c e s s ;  f u r t h e r  developments  w i l l  b e  found e l sewhere  . 8 

JONES' FORMALISM 

The m a t r i x  r e p r e s e n t i n g  a medium w i t h  p a t h l e n g t h  2, 

g iven  i n  a l a b o r a t o r y - f i x e d  c o o r d i n a t e  sys tem w i t h  

t h e  d i r e c t i o n  o f  l i g h t  p r o p a g a t i o n  as t h e  z -ax i s  and 

t h e  o r i g i n  p l a c e d  on t h e  e n t r a n c e  s u r f a c e ,  i s  formu- 

l a t e d  as :  

and 5 i s  f u r t h e r m o r e  r e l a t e d  t o  a p o i n t - m a t r i x  

th rough  t h e  e q u a t i o n  

N 2 M = e- - 
Analyzing t h e  e i g e n v a l u e  problem o f  t h e  and 2 

m a t r i c e s  r e s p e c t i v e l y ,  it is p o s s i b l e  t o  f i n d  r e l a -  

t i o n s  between t h e  two se t s  of m a t r i x  e l emen t s  e.g. 

ml = f ( n l  , n 2  'n3 , n 4  , z ) ,  
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474 JENSEN 

the total expression may be found elsewhere5'*. 

The point-matrix may now be parametrizised, and as 

the matrix contains four complex elements it is neces- 

sary for the purpose to use eight phenemenological pa- 

rameters; these may be found in Jones' original pa- 

p e r ~ ~ .  Thus it turns out that the parametrizised s-ma- 

trix has the following form: 

(-K+P -intigo) (-w+pQ5-i6+igQ5 

(w+p45+i6+ig45) ( -K-po-iq-ig 
3 (2) 

0 
- N =  ( 

0 

Before we proceed to the transformation from Jones 

into Mueller formalism, it is desirable to associate 

the eight Jones parameters with two-letter mnemonics 

since we in this field has a severe notational problem 

and no established usage. 

2KZ 2p0z 2g0z 2 6 2  -2wz 2PQ5Z 2gQ5z 

Abs LD LB CD CB LD' LB' 

MUELLER FORMALISM 

We may now transform the Jones matrix ( M I ,  repre- 

senting under restrictions given in the introduction, 

the general anisotropic and optically active medium 

into a four-dimensional Mueller matrix. For that pur- 

pose we need the relation between the two sets of ma- 

trices, which may be obtained either as done by Parke 
3 
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OPTICAL CALCULI 4 7 5  

4 o r  by S c h m e i d e r  . To cor rec t  e r r o r s  i n  t h e  l i t e r a t u r e  

a n d  t o  w r i t e  t h e  c o n v e r s i o n  c o n s i s t e n t l y ,  w e  e s t a b l i s h  

be low t h e  t r a n s f o r m a t i o n  of t h e  m a t r i x  g i v e n  by equa -  

t i o n  (1  t o  g i v e  twice t h e  

( *  complex  c o n j u g a t i o n ) .  

m m*tm m*+ m4m;tm m*+ 1 1  4 4  1 4  
m3m:tm m* m m*+m m* 2 2  2 3  3 2  

m m*tm m*+ m m*+m m*+ 3 1  2 4  2 1  3 4  

m l m ~ t m 4 m ;  m m*+mlm; 

-i (m3m; t 

m m*-m m*- m m*-m m*- 2 4  1 3  3 4  4 3  

m4m; 1 ml m; 1 

m m*tm m*- m m * t m  m*- 1 1  4 4  4 1  1 4  
m m*-m m* m2m:-rn3m; 3 3  2 2  

4 3  

- i ( m2m; t 

g e n e r a l  M u e l l e r  m a t r i x :  

- i ( m  m*-m m*+ m m*-m m*+ 1 4  4 1  1 1  4 4  

m m*-m m*)  m m*-n m* 3 2  2 3  3 3  2 2  

3 4  2 1  3 1  2 4  

m m*-m m * )  mlm;-m m* 1 2  4 3  4 2  

m m*-m m*- - i ( m  m*- 1 2  4 3  3 1  

m m * t m  m* m m*-m m*+ 3 4  2 1  2 4  1 3  

- i ( m  m*-m m * t  m m*-m m * t  

m4m; 1 

- i ( m  m*-m m*- m m*-m m*- 1 4  4 1  1 1  4 4  

m m*tm m * )  m m * t m  m* 3 2  2 3  3 3  2 2  

( 3 )  

We may now i n s e r t  t h e  p h e n o m e n o l o g i c a l  mnemonics 

i n  J o n e s '  p o i n t - m a t r i x  ( 2 1 ,  c a l c u l a t e  J o n e s '  m a -  

t r i x ,  and  c o n v e r t  t o  M u e l l e r  f o r m a l i s m  a c c o r d i n g  t o  

t h e  a b o v e  g i v e n  e x p r e s s i o n .  

A b b r e v i a t i o n s  i n  the  matrices g i v e n  below are  as 

follows : 
2 a = LD t C D ~  + L D ~ ~  - L B ~  - C B ~  - L B ' ~  

b = 2LD.LB + 2CD.CB t P L D ' - L B '  
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OPTICAL CALCULI 477 

A = ( a 2  + b 2 ) $  c = c o s  
1 1 B = - ( a  + A - ) ?  

2 4  
s = s i n  

c h  c o s h  

2 0  s h  s i n h  
c = -  ' ( -a  + A ) ;  

To g i v e  t h e  c o m p l e t e  e x p r e s s i o n  for a g e n e r a l  m e -  

dium t h e  m a t r i x  o n  t h e  p r e v i o u s  page s h o u l d  b e  m u l t i -  

A -Abs p l i e d  w i t h  7 e . 

The e x p r e s s i o n  ( 4 )  i s  o b v i o u s l y  v e r y  complex and 

v e r y  d i f f i c u l t  t o  g r a s p  or u s e ;  t h e r e f o r e  it i s  ne-  

c e s s a r y  t o  i n v e s t i g a t e  s i m p l i f i c a t i o n s .  

SIMPLIFICATION 1 

Assumption:  LD,LB > CD,CB LD' = LB' = 0 

Consequent ly :  a = LD* - L B ~ ,  b = 2LD-LB 
2 A = LD + LB2, B = LD/2, C = LB/2 

Under t h e s e  c o n d i t i o n s  t h e  M u e l l e r  m a t r i x  looks as 

g i v e n  on t h e  n e x t  page (common f ac to r  e -Abs o m i t t e d  

for c o n v e n i e n c e ) .  

SIMPLIFICATION 2 

Assumption:  CD,CB z LD,LB LD' = L B '  = 0 

C o n s e q u e n t l y :  a = CD' - C B ~ ,  b 2CD.CB 
2 A = CD + CB2, B = CD/2, C = C B / 2  

The reader is referred t o  r e f .  8 f o r  t h e  f u l l  ex- 

p r e s s i o n  which ,  however ,  shows s i m i l a r i t i e s  w i t h  e q . ( 5 )  
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478 JENSEN 

\ 2 (LD . CB-LB * 
CD). (ch2B- LD-CD) +sLB. 
c2 C 1 / ( LD2 t 

( s h LD ( LB * CB+ 

shLD 
(LB.CD-LD*CB) 1 

/ chLD 

L B ~  ( LD + L B ~  

2 (  LB * CD-LD * 
n 

c LB CB) . (chLB- 
c 2C 1 / ( LD2 t 

(shLD * ( LB. CB 
t LD - CD 1 +S LB * 
(LB*CD-LD-CB)) -sLB cLB 

(shLD * ( LD-CB 
-LB*CD)tsLB. LB*CB). 
(LB*CB+LD*CD)) (ch B-c C) 

2 ( LD * CD+ 

2 2  

/(LD~+LB~) / ( L D ~ + L B ~  1 

( 5 )  

s LB 

(shLD* (LB-CD- 
LD * CB ) +sLB * 
( -LB - CB-LD . CD j 

( L D ~ + L B ~  I 

2 ( LD . CDt LB * 
CB).(ch B- 2 

chLD 
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479 

LD2 t LD ' LD * CB- 0 LE' .CD- 
LB-CD LD' -CB 

LB*CD- LD'*- LD'*CD+ LDnLD't 
LD'CB LB * LB' *CB LE'LB' 

LD.CD+ 2 0 LD' -CDt -LB - 
LB' *CB LB'* LB-CB 

2 LD'SCBt LD' -LD+ LD CD+ LD - 
LB'-CD LB' 'LB LB*CB LRl2 

SIMPLIFICATION 3 

We may f i n a l l y  assume t h a t  a l l  e f fec ts  a r e  small  

so t h a t  t r i g o n o m e t r i c  f u n c t i o n s  may be s u b s t i t u t e d  

w i t h  power se r ies  e x p a n s i o n s  t o  t h e  second  o r d e r ;  

t h e  M u e l l e r  m a t r i x  t h e n  looks  as fol lows:  

1 0 0 0  O -LD' -CD -ID 

-CD LB 0 -LB' -LB 

0 e 

0 0 0 1  - LD -C B LB' 0 

A short-hand f o r  this e x p r e s s i o n  is 

( 7 )  
- A b s .  e-YEJ e 

1 

w i t h  

0 -LD' -CD -LD 

0 -LB' 
0 ( -CD LB 

yH = -LD' 

- LD -CR LB' 0 
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480 JENSEN 

The argument i n c l u d e s  a power s e r i e s  expans ion  t o  

t h e  second o r d e r  of e-’H, 

e-YH = - I - y! t ( y 1 - ~ ) ~ / 2  

e v a l u a t i o n  of (LfjbLD’ - LB’aLD) showing t h a t  t h i s  

i s  z e r o ,  and t h e  a c c e p t a n c e  of a lmos t  e q u a l i t y  between 

e . g .  ( L D  +LDt2) and ( L D  t L D t 2 t C D  1 a q u e s t i o n  which 

ar ises  for t h e  d i a g o n a l  e l emen t s  i n  t h e  second o r d e r  

m a t r i x .  

2 2 2 
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