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OPTICAL CALCULI

Hans Peter Jensen
Chemistry Department A, Build. 207
Technical University of Denmark

DK~2800 Lyngby, Denmark

Optical calculi for anisotropic media are reviewed
and extended for use in phasemodulation spectrosco-
py.

If one needs a calculus for treatment of the in-
teraction between light and optical systems different
approaches may be used depending on the representa-
tion used for the light wave, i.e. either as Stokes

1’2. The two calcull are known as

or Maxwell vector
the Mueller and Jones algebra respectively, honour-
ing the two men who some 30 years ago developed the

formalisms.

Depending on the aim of an investigation one may
choose either of the two calculi since different ad-
vantages are featured by them. The choise of the

spectroscopist has often been the Mueller calculus,
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472 JENSEN

as it can handle problems involving depolarizations
and furthermore works on a light representation which,
although fourdimensional, contains an element propor-
tional to the light intensity measurable with a pho-~
tomultiplier, Contrary the choise of theorists is nor-
mally the Jones calculus, as it works on a two-dimen-
sional basis and depends on the validity of the elec-

tromagnetic theory.

For obvious reasons it is worthwhile to investi-
gate the relations between the Mueller calculus, based
on a phenomenological approach, and the Jones calcu-
lus. This kind of work has been carried out earlier
by Parke3, the result, however, is partly incorrect
and is furthermore written with the Stokes' parameters
arranged differently compared with the work of Schmie-
deru, in which also the relation between a Jones and
a Mueller matrix is found, so that given an arbitrary
Jones matrix the Mueller ditto may be evaluated, but

not vice versa.

It is the merit of Jones to have shown how to pa-
rametrizise with respect to the phenomenological quan-
tities linear dichroism (LD), linear birefringence
(LB), circular dichroism (CD), and circular birefrin-
gence (CB)5 a matrix representing an optical device

showing both anisotropy and optical activity. The
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formalism holds for light passing normally through a
homogenous media with plane and parallel surfaces
perpendicular on a principal axis in the index ellip-
soid of the medium. The result, however, is very com-
plex and therefore it is desirable to find a way of
factorizing the matrixs; this may, as indicated by GEB
and Troxell and Scheraga7, be achieved by transform-
ing the matrix from Jones into Mueller form. It is the

aim of this paper to investigate this transformation

process; further developments will be found elsewheree.

JONES' FORMALISM

The matrix representing a medium with pathlength z,
given in a laboratory-fixed coordinate system with
the direction of light propagation as the z-axis and
the origin placed on the entrance surface, is formu-

lated as:
M= 1)

and M 1s furthermore related to a point-matrix N
through the equation
M = eﬁz

Analyzing the eigenvalue problem of the M and N
matrices respectively, it is possible to find rela-
tions between the two sets of matrix elements e.g.

my = f(n1,n2,n3,nu,z),
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the total expression may be found elsewheres’s.

The point-matrix may now be parametrizised, and as
the matrix contains four complex elements it is neces-
sary for the purpose to use eight phenemenoclogical pa-
rameters; these may be found in Jones' original pa-
perss. Thus it turns out that the parametrizised N-ma-
trix has the following form:

(-K+po—in+igo) (-m+pu5-i6+igu5)

(m+pu5+i6+igu5) (—K—po-in—igo)

Before we proceed to the transformation from Jones
into Mueller formalism, it is desirable to associate
the eight Jones parameters with two-letter mnemonics
since we in this field has a severe notational problem

and no established usage.

2Kz 2poz 2goz 28z -2wz 2pu52 2gusz

Abs LD LB CD CB Lp' LB!

MUELLER FORMALISM

We may now transform the Jones matrix (M), repre-
senting under restrictions given in the introduction,
the general anisotropic and optically active medium
into a four~dimensional Mueller matrix. For that pur-
pose we need the relation between the two sets of ma-

s . . . 3
trices, which may be obtained either as done by Parke
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or by Schmeideru

To correct errors in the literature

475

and to write the conversion consistently, we establish

below the transformation of the matrix given by equa-

tion (1) to give twice the general Mueller matrix:

(* o complex conjugation).

* *
m1m1+mumu+

* *x
mam3+m,ms

* *
mam3¥+m, m¥+
* *
m,m%+m, m}
3 *
1(m3m1+
*_ *.
m,m} ~m, m}
*
mumz)
* *_
m,mj+m, m¥

* *
MgMa=m,m,

We may
in Jones'
trix, and

the above

* *
m, M} +m, m¥+

* *
m2m3+m3m2

* *
m2m1+m3mu+

* *
mum3 +m1 ]'Il2

- *
1(m2m1+

* o * o
m3mu muma

%)

mam2

1m

* *_
mum1+m1mu

* *
m2m3 m3m2

given expression.

-3 *o *
1(m1mu mum1+

m,m¥-m,m¥)

372 273
-1 * *
1(m3mu m,m} +
* *
m, m3 mumB)
*_ *_
m m} m“m3\
* *
mam+m,m¥

-i(m1m*-m m¥-

4~y My
* *
m3m2+m2m3)

(3)

* o *
m,, m,] mumq+

* o *
]'1'13m3 m2m2

* o *
1'!13]'I11 m2mu+

*a *
m,] ma mumz

-3 *.
1(m3m1

* o *
mzmu' m1 l'Il3 +

*
mumz)

*_ x_
mym¥-m, m¥

* *
m3m3 +m2m2

now insert the phenomenological mnemonics
point-matrix (2), calculate Jones' M ma-

convert to Mueller formalism according to

Abbreviations in the matrices given below are as

follows:

2

a = LD" + CD

b

2

+ 0'? - 1% - cB? - LB'?

2LD-LB + 2CD-CB + 2LD'-LB'
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1
A= (a- +Db")2 c = cos
1
B = —%: (a + A)? s = sin
2v?2
1 1 ch @ cosh
C =z — (-a + A)?
242 sh 8 sinh

To give the complete expression for a general me-

dium the matrix on the previous page should be multi-

plied with % eTAbS

The expression (4) is obviously very complex and
very difficult to grasp or use; therefore it is ne-

cessary to investigate simplifications.

SIMPLIFICATION 1

Assumption: LD,LB > CD,CB LD'" = LB' = 0

Lo’ - LBZ, b

LD2 + LBZ, B

Consequently: a

n
n

2LD-LB

A

LD/2, C = LB/2

Under these conditions the Mueller matrix looks as
Abs

given on the next page (common factor e omitted
for convenience).
SIMPLIFICATION 2
Assumption: Cb,CB > LD,LB LD' = LB' = O
Consequently: a = CD2 - CBZ, b =~ 2CD-CB
2 2

A

1}
it

CD + CB*, B = CD/2, C = CB/2

The reader is referred to ref. 8 for the full ex-

pression which, however, shows similarities with eq.(5)
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2(LD-CR-LB-
CD)+ (ch?B-
2 2

c"C)/(LD"+

1.82)

chLD

2(LB+CD-LD-
CB) - (ch?B-

2 2
c?cy/s(Lp?s+
1B?)

cLB

(shLD-(LB-CB
+1LD-CD)+sLB-
(LB+CD-LD-+CB))
/cLp?+1B?)

-sLB

(shLD-(LD-CB
-LB*CD)+sLB-
(LB+CB+LD-CD))
/(Lp?+LE?)

shLD

(5)

(shLD(LB-CB+
LD-CD)+sLB"
(LB-CD-LD+CB))

/(Lp?+18%)

sLB

cLB

2(LD-CD+
LB«CB)-
(Cth-CZC)
2 2
/(LD“+LB")

JENSEN

shLD

(shLD- (LB-CD-
LD:CB)+sLB-
(~-LB-CB-LD-CD)
/¢tp%+LB?)
2(LD-CD+LB-
CB) - (ch?B-
czC)/(LD2+
1.8%)

chlD
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SIMPLIFICATICN 3

We may finally assume that all effects are small
so that trigonometric functions may be substituted
with power series expansions to the second order;

the Mueller matrix then looks as follows:

1 0 0 o 0  -LD' -CD  -LD
absl [ o1 0o o) _ [ -1 o -LB  CB
o 0o 1 o0 -CD LB 0  -LB'
o o o0 1 LD  -CB LB 0
2.2
LDZ4LD LD CB- 0 LE'-CD-
LB-CD LD' -CB
LB-CD- Lp'2- LD'.CD+  LD-LD'+
LD*CB B2 LB'-CB LE-LB'
]
*7 0 LD'-CD+ -1B2- LD-CD+
LB'.CB LR 2 LB-CB
LD'-CB+  LD'-LD+ LD-CD+ Lp2-
LB'-CD LB' LB LB-CB LB 2

(8)

A short-hand for this expression is

e~Abs, ~YH (7) with
0 -1D! -CD ~LD
- 1 -
i< [ - 0 LB CB
-CD LB 0] ~LB'

-LD -CB LB 0
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The argument includes a power series expansion to

the second order of e-YE,

e YH | I~ yH+ (Y§)2/2

evaluation of (LB-LD' - LB'-LD) showing that this
is zero, and the acceptance of almost equality between

2

e.g. (LD2+LD'2) and (LD2+LD' +CD2) a question which

arises for the diagonal elements in the second order

matrix.
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